We present a method that can be used to recover the spectrum of turbulence from observations of optically thin emission lines formed in astrophysical disks. Within this method we analyze how line intensity fluctuations depend on the angular resolution of the instrument, used for the observations. The method allows us to restore the slope of the power spectrum of velocity turbulent pulsations and estimate the upper boundary of the turbulence scale.
INTRODUCTION
Accretion disks -mainly protoplanetary disks and those of binary stars -are of extreme interest, since they demonstrate the great variety of observational manifestations and allow studying a big number of physical processes. The main question about the mechanism of the angular momentum transfer in the disks has not been completely solved yet, though the disks have been attracting the interest of many scientists for several decades. From observations one can derive the rate of accretion onto the central object, which enables determining the rate of angular momentum loss in the disk. If we suppose that the angular momentum transfer is driven solely by the material viscosity in the disk, then we find that the viscosity coefficient in the disks should be anomalously high, by 9 − 11 orders of magnitude higher than the coefficient of molecular viscosity.
There have been a number of physical processes proposed that could drive the angular momentum transfer: tidal interaction (Papaloizou & Pringle 1977; Lin et al. 1990; Dgani et al. 1994) ; spiral shock waves (Michel 1984; Sawada et al. 1986; Spruit 1987; Syer & Narayan 1993) ; convection (Bisnovatyi-Kogan & Blinnikov 1976; Paczynski 1976; Shakura et al. 1978; Lin & Papaloizou 1980) ; accretion disk wind and jets (Blandford & Payne 1982; Lubow et al. 1994; Cao & Spruit 2002; Lynden-Bell 2003) ; angular momentum transfer by propagating waves (Lin & Papaloizou 1979; Lubow 1981; Vishniac & Diamond 1989) ; and various instabilities that can result in the most probable mechanism, well-developed turbulence. The com-⋆ E-mail: bisikalo@inasan.ru parison of probable mechanisms show that the high accretion rate in the disks may be explained only by the turbulent viscosity (Shakura 1972; Shakura & Sunyaev 1973; Lynden-Bell & Pringle 1974 ) (see also a review by Shakura (2014) ).
To answer the question, whether the angular momentum transfer is driven by developed turbulence in the disk, and, if so, to understand the nature of the turbulent viscosity, one should be able, if possible, to derive the parameters of turbulence from observational data. For the protoplanetary disks, it has been able to determine mostly the rough parameters of the turbulence rather than the refined energy spectrum obtained for interstellar medium. In part, it is done by considering the variations of accretion rate and/or estimating specific lifetimes and sizes of protoplanetary disks. In terms of α-parameter, proposed by Shakura & Sunyaev (1973) , the estimated value of the turbulent viscosity varies in a wide range α = 10 −3 . . . 10 −1 , see e.g. Hartmann et al. (1998) . Another possibility to study turbulence in protoplanetary disk is to use observations of molecular lines. A general method to derive the turbulent velocity, averaged over the disk, by fitting the multi-parametric model to interferometric spectra maps was presented in Guilloteau & Dutrey (1998) . With the help of this model the authors of Dartois et al. (2003) and Guilloteau et al. (2012) estimated the turbulent line width using the observations of different molecular transitions in the DM Tau protoplanetary disk. Their results show that the turbulence in this disk is sub-sonic with specific velocities of 0.1 . . . 0.5 of Mach number.
Turbulent motions in gas can have different values of kinetic energy on different spatial scales. Due to the Doppler effect, the turbulent velocity pulsations result in the fluctuations of radiation intensity in the frequency space as well as in the volume of the turbulent medium. In particular, within the Kolmogorov approach the large-scale vortices carry the major fraction of the energy of turbulent pulsations, while the energy of small-scale vortices is less but they are more numerous. Thus, the different parts of the turbulent energy spectrum causes the different responses in the intensity fluctuations. This potentially enables us to restore the power spectrum of the velocity pulsations in the turbulent medium using analysis of the spectral and/or spatial distribution of the radiation intensity.
A possible method for extracting the power index of the turbulence was proposed by Lazarian & Pogosyan (2006) (see also Lazarian & Pogosyan (2004) and Lazarian & Pogosyan (2000) ). The method utilizes fluctuations of the intensity on different frequencies in a single emission line and in the different lines of sight. The authors showed a connection between the structure function of the spectral intensity distribution and the statistical properties of the turbulent velocity as well as the density pulsations. Using the structure function and assuming Gaussian distribution for turbulent velocity it becomes possible to extract the power spectrum of the turbulence.
In the present paper we present an alternative approach to the problem of the extraction of turbulent properties from the spectral observations. As a basic quantity to express the characteristics of the turbulence, we choose the variance of the fluctuations of the center of the observed emission line. We show that this measure strongly depends on angular resolution of the telescope. The telescope's aperture acts as a filter for angular modes of the image, smoothing out the small-scale angular fluctuations. This filtering reduces the spatial scale of turbulent velocity pulsations which are reflected in the emergent intensity fluctuations. Hence, it is possible to formulate a relation between the angular resolution of the telescope and the amount of the turbulent energy at a corresponding spatial scale. The paper's structure is as follows. In Section 2 we briefly describe the model, explaining how turbulent fluctuations occur in an emission line, discuss the influence of the telescope's resolution on the observed properties of the fluctuations, and propose a method allowing us to recover the parameters of the turbulent medium by analyzing the statistical properties of the intensity fluctuations. In Section 3 we perform numerical analysis of the proposed method. Section 4 is focused on various features of the method and we discuss a number of issues, concerned with the interpretation of the parameters of the turbulent medium, in particular, a possible difference between the observed spectrum of turbulence and 'classic' Kolmogorov spectrum. In the Conclusions we summarize the results of our study. Appendixes contain the detailed mathematics formalization of the model.
RECOVERY OF PARAMETERS OF TURBULENT MEDIUM FROM INTENSITY FLUCTUATIONS
In this section we analyze an optically thin emission line that forms in a turbulent layer of finite height along vertical direction. We assume that physical parameters are the same in horizontal direction except temperature which can vary. We discuss the application and modification of this model to real accretion disks in Discussion. One can state that the profile of an optically thin emission line is a sum of profiles, forming in elementary emission events and shifted due to the Doppler effect. The reason of the Doppler shift is the thermal and turbulent motions in the medium. The specific time, required by a gas-dust disk to reach thermal equilibrium, is usually smaller than it's dynamic timescale (Vorobyov et al. 2014) . Therefore, we can neglect temporal fluctuations of thermal line broadening which otherwise could appear due to dynamical and radiative heating/cooling. In real gas-dust disks there are radial and vertical temperature and density gradients. These gradients may affect properties of the turbulence. However, for the sake of simplicity, hereafter we assume the turbulence to be uniform and isotropic in the medium. As the magnitude of the velocity pulsations may vary over different scales and different lines of sight, the turbulent contribution to the line profile should be treated as a random. Thus, the optically thin emission line in a macroscopic volume of the turbulent medium is the sum of thermal profiles that are randomly Dopplershifted due to the turbulent motions of the gas. Further we will assume the turbulence is subsonic, which will allow us to neglect pulsations of the gas density.
It is known that large vortices usually contain the main fraction of turbulent energy. These vortices produce high velocity shifts that cause intensity fluctuations in the line wings. Velocity pulsations in the line core are driven by small vortices. On the other hand, the number of small vortices is much bigger than that of the large vortices. Thus, the effect of the line broadening by small vortices is averaged. This results in the smooth line core, but the line wings nonetheless has strong fluctuations. Hence, the structure of the intensity fluctuations in a line profile gives us information about the energy distribution over various spatial scales in the turbulent medium.
Any telescope, including a radio-interferometer, acts as a filter of spatial harmonics that effectively averages the image over small-scale components in accordance with its beam pattern. Since the turbulence in astrophysical objects is, as a rule, three-dimensional the spatial filtering in the image plane corresponds to the spatial filtering along the line of sight. This means that, by conducting spectral observations at different spatial resolutions, one obtains fluctuation samples on different velocity scales. The less angular resolution of the telescope (wide beam pattern), the smaller the number of small-scale velocity pulsations in the spectral map. Thus, when having a sufficiently comprehensive sample of emission lines observed at different angular resolutions, one can potentially study the statistical properties of velocity pulsations on various spatial scales.
Formation of turbulent intensity fluctuations
in an optically thin emission line
We mentioned above that the shape of an optically thin line profile is governed by both the thermal and turbulent motions in gas as well as the number density distribution in the medium. We use the following expression for the intensity. Let I(v, R) be the intensity at the radial velocity v, for the line of sight R = (x, y) along vertical direction, where (x, y)
are the coordinates in the image plane.
where ε is the emissivity of a single particle; n is the number density of particles, we allow it to vary in a z-direction only; φ[v − u, σ th ] is the Gaussian profile centered at v = u and having the standard deviation equal to the thermal broadening σ th ; u(r) is the radial velocity at a point with coordinates r = (x, y, z). The integration performed along the line of sight. If one assumes the turbulence to be three-dimensional and isotropic, the radial velocity distribution u(r) should completely describe the field of turbulent pulsations. Recovering of the radial velocity field from observed line profiles is, strictly speaking, an ill-posed inverse problem. However, certain properties of turbulent pulsations are encoded in the moments of the spectral intensity distribution.
We consider the column density is constant hence the total intensity does not depend on the direction:
where the column number density N is
The first moment of the intensity distribution may not be equal to zero as it depends on the turbulent velocity pulsations averaged along the line of sight:
The Doppler shift, caused by turbulent pulsations, adds to the line broadening along with the thermal motions of the particles. It is easy to show that the second moment of a line profile is determined by the thermal broadening and the specific distribution of radial velocities:
The centered second moment (calculated with respect to the line center 4) is:
Since the field of radial velocities is random, the first moment of a line profile is also a random quantity. Thus, the shift of the emission line center (4) may have two components: a systematic Doppler shift (caused by the motion of the source as a whole) and a random shift, whose absolute value and sign are determined by the field of turbulent velocity pulsations. The same effect influences the line width given by (5) and (7).
By analyzing a wide sample of observed line profiles one can find a dependence between the statistical properties of line intensity fluctuations and the statistical properties of turbulent velocity pulsations. Let · denote the operation of averaging over the ensemble of velocity pulsations. For the sake of convenience we assume that the mean value of the pulsations is zero. We also neglect pulsations of the number density assuming the turbulence is sub-sonic. This results in the zero value of the averaged radial velocity of line profile:
Let us find the variance of the turbulent velocity as the ensemble average given that the three-dimensional turbulence is uniform and isotropic:
The last assumption implies that the average contribution of turbulence to the line broadening is solely determined by the variance of the turbulent velocity and does not depend on the line-of-sight direction. But the thermal contribution may vary from point to point, hence the total line broadening becomes
The ensemble average of the centered second moment (7) is a difference between (11) and the variance of the line center fluctuations:
where the second term is determined by the spatial correlation function of the radial velocity:
It is seen that this quantity does not depend on the spatial temperature distribution but the density distribution and the spatial statistics of the turbulence. It appears that this value, when measured by the filtered intensity distribution, is sensitive to the filter's scale. From the observational point of view such the filtration is equivalent to the action of aperture of the telescope. Below we will show how properties of the filtered line center fluctuations are connected to the properties of the turbulent medium.
The recovery of properties of turbulent medium from intensity fluctuations
Modern instruments, just put in operation, (e.g. ALMA) enable us to conduct high-resolution radio-interferometric observations of optically thin molecular transitions. By reducing the resolution, we can filter out certain spatial scales and, using the proposed technique, derive slices of the turbulent characteristics on various spatial scales. We can model the variations of the beam pattern by filtering the intensity field in the image plane (see Appendix B). Let us use the term IL(v, R) to denote an intensity distribution, observed by a telescope with a beam pattern that corresponds to the filter BL(R) with the specific width L:
where the filter satisfies the normalization d 2 R BL(R) = 1. By assuming the statistical uniformity, we can show that the ensemble average of the line profile depends neither on the filter nor on the line-of-sight direction (strictly speaking this statement is correct in the case of sub-sonic turbulence only, when one can neglect density fluctuations (see Discussion)),
Let us find the expression for the center of a line (4), to which we applied the spatial filtering procedure (14) with a filter's width L:
Note that this quantity, as well as (4), does not depend on the temperature distribution in the medium, since it disappeared when integrating over the velocity in (16). Denote the variance of the line's center as UL. It is easy to show that it does not depend on the line-of-sight direction, since turbulence is spatially uniform:
However, it is essential that UL depends on the filter width L. It is determined by the spatial correlation function of velocity pulsations u(r) u(r ′ ) that may be expressed via the power spectrum of turbulent pulsations P (k):
We can assume that within the inertial interval the dependence of the power spectrum on the wave number is a power law: P (k) ∝ k −α−2 , where α > 1. For instance, for the Kolmogorov turbulence α = 5/3. The finite angular resolution filters out wave numbers in (19) that are greater than L −1 (or spatial scales smaller than L). The specific energy of turbulent pulsations on the scale of wave numbers k is approximately k 3 P (k) ∝ k 1−α , which means that pulsations on larger spatial scales carry a larger amount of energy. Thus, the main contribution to the line intensity fluctuations obviously comes from turbulent pulsations on the spatial scale corresponding to the angular resolution of the telescope.
An approximate expression for UL can be as follows (see Appendix B):
where h turb is the largest turbulent scale, and h is the characteristic thickness of the turbulent layer (it depends on the number density distribution). This function monotonically decreases with the increasing ratio L/h turb . In particular, given the Kolmogorov slope α = 5/3 and h turb = h/2, we have the maximum value of UL at L = 0 (infinitely high resolution) that can be estimated as 0.1σ 2 turb . At extremely large L, the approach we use to derive (20) is incorrect, but one can expect UL to monotonically decrease with growing L and become close to zero at L h turb .
We suppose that it is possible to estimate the power α by measuring UL as a function of telescope's resolution. This value can be derived from the logarithmic slope of the following function:
Thus, we propose the following method to restore the power spectrum:
(i) We calculate the variance UL of the line center's radial velocity for observations with various angular resolution L.
(ii) We approximate the dependence of UL on L by the expression (21) and derive α.
We have shown above that the variance of fluctuations of the line center averaged over a sufficiently comprehensive sample, depend on the resolution of the telescope, Eq. (18). We also may write out the ensemble-averaged line width:
One can see that the variance of the position of the line center (18) decreases with the growing filter width L (lower resolution), while the squared line width (22) increases. Both these values can be used to estimate the power spectrum according to (21), but to use expression (22) we first should estimate the full line width (11) measured regardless of the fluctuations of its center. On the other hand the estimate of the full line width may be useful if one can, by some means, finds the value of thermal broadening σ th distribution. In this case we can estimate the full turbulent line width σ turb and, by using (20) with L → 0, the largest scale of turbulence h turb . The idea to extract properties of the turbulence from the intensity fluctuations is not new. Lazarian & Pogosyan (2006) proposed a technique for recovery the power spectrum of the velocity or density fluctuations using the spectrum of the intensity fluctuations measured along the velocity axis in the position-position-velocity data cubes. The intensity fluctuations spectrum itself is determined via the variance of difference of the intensity at different frequencies or, equivalently, velocities. This idea may be schematically represented as
where v+ = (v1 + v2)/2 and v = v1 − v2. The intensities related to the same line of sight, in case of high resolution limit, or averaged over a beam of a finite width. For optically thin emission line the intensity expressed similar to (1) but the number density allowed to fluctuate arbitrarily. To perform the integration over v+ the Gaussian distribution of the turbulent velocity pulsations was assumed. The authors showed that the power spectrum P (kv) may be expressed via the structure or correlation functions for the density and velocity fluctuations. Assuming e.g. the density structure function it is possible to extract the turbulent velocity power spectrum from the observations via P (kv). Great advantage of this method is that it allows for the density fluctuations and the finite absorption coefficient. The method described in the present paper utilizes a completely different idea. We find that the variance of the first moment of the optically thin line profile depends on the angular resolution of the telescope. The variance can be expressed via the spatial correlation function of the velocity pulsations which is connected to the turbulent power spectrum. Thus, the filtering effect of the telescope's aperture makes possible to extract parts of the power spectrum of turbulence. As the advantage of this method can be noted that the first moment of the line profile determined by the turbulence, not the thermal distribution in the medium, hence it is free from uncertainties caused by the temperature gradients.
NUMERICAL TESTS
To test the proposed method we have calculated two models. In the first model we represent the turbulence by a Gaussian random field of velocity fluctuations. In the second model we represent the turbulence by a set of vortices with rigid-body rotation. In both cases the medium is assumed isothermal. In the tests we calculated the power spectrum of turbulent velocity pulsations directly (from the velocity distribution) and using the proposed method.
Gaussian field of velocity fluctuations
Let us define the turbulent field of radial velocities as a sum of independent realizations of Fourier harmonics on a 2-D discrete grid with the dimension of Nx × Nz. We look at the system along the Z-axis. We derive the distribution of radial velocity over the grid by applying the inverse Fourier transform (24) for harmonicsũqp, where spatial indexes l, m and wave indexes q, p vary as
Each pair of wave indexes corresponds to a wave number
Let us define the harmonics as random Gaussian variables with zero mean
and variance
where P is the power spectrum of turbulent velocity pulsations; multipliers 4 (left-hand side) and 2π (right-hand side) are needed to take account of turbulence isotropy. We assume that the harmonics' phases are subject to a random uniform distribution in the interval from 0 to 2π. The resulting radial velocity field is shown in fig. 1 . For each line of sight l we calculate an intensity distribution in the velocity space according to (1):
and a distribution of filtered intensity
(the limits depend on the filter). For each profile IL(v, l) we calculate the position of the line center:
Using the sample of profiles we should calculated the average radial velocity (as we expected, it's value appears to be close to zero)
and the unbiased estimate of the line center variance as a function of the filter width:
We have chosen the following parameters of our model. The grid dimensions are Nx = 5000, Nz = 250. The thermal and turbulent line widths are σ th = 25 and σ turb = 0.3σ th = 7.5 respectively. The power spectrum in our 2D model is:
We assumed the following normalization
The profile examples free of the contribution of thermal line broadening are shown in fig. 2 . One can see that the position of the center of lines varies depending on the resolution L. As we expect, when the filter width growth the intensity distribution tends to a profile averaged over all lines of sight, which corresponds to L = Nx.
The power spectrum we use (34) implies the maximum turbulent scale equal to h turb = h = Nz. Taking into account the other parameters we can derive a theoretical dependence of the line center variance on the filter width:
We have modeled the dependence of UL for two filters, a Gaussian filter and a box filter with the width L, and for various values of exponent of the power spectrum: α = 1.3, 1.67, 2.0. The obtained results are shown in fig. 3 . As one can see that the exponent, estimated from modeled curves, is in a good agreement with the theoretical estimates in the case of α = 1.3, and is slightly underestimated for α = 1.67 and α = 2.0. The reason of this effect is in the fact that we used only the inertial interval of the power spectrum (i.e. short-wavelength), when calculating the theoretical dependence (20), while the long-wavelength part of the power spectrum was only approximated. As the power index α growth, the contribution of the large scale velocity pulsations to UL growth also. Since this contribution considered approximately the measured curve max(UL) − UL becomes shallower, hence converges more slowly to the power fit (21). We can state that the slope of the modeled function UL asymptotically approaches the theoretical value in the limit of small filter scales (or high resolution). 
Rigid-body vortices
Let us represent the turbulent medium as a random distribution of vortices that fill a 2-D computational domain of Nx × Nz and do not intersect. Let all the vortices rotate as a rigid-body with the same angular velocity. We assume that the entire volume is filled with isothermal gas, and the radial velocity is equal to zero out of any vortex. The spectrum of vortex sizes is assumed to be power-law.
Let us first solve the direct problem of the calculation of power spectrum. We should obtain an auto-correlation function of the velocity field:
(we assume that radial velocity is equal to zero outside the computational domain). The Fourier amplitudes of this function -when depending on a single wave number -are connected with the power spectrum P (k) of interest via:
wherẽ
and the wave number kqp depends on the wave indexes in accordance with (26).
To solve the inverse problem one should transform the radial velocity field into the distributions of intensity, filtered intensity and variance of line center fluctuations according to (29)-(33).
We used the following parameters in our calculations: Nx = 5000, Nz = 250, σ th = 25. We have calculated two models that differ from each other by the variance of turbulent velocity and the slope of power spectrum. In the first model σ turb = 3.9. The vortices have spatial sizes from 1 to 100. The slope of the spectrum of vortex sizes has been chosen to provide a Kolmogorov power spectrum of velocity pulsations with α = 1.67. The radial velocity distribution in the computation domain is shown if fig. 4 . In the second model σ turb = 9.8, α = 1.9. The resulting line profiles free of thermal broadening are shown in fig. 5 . One can see a prominent peak at v = 0 in the profiles. It occurs because of the spatial distribution of vortices, namely because we required no intersection of vortices to appear. The distribution of velocity in rigid-body vortices explains the presence of peaks far from the line center. As one can see, all the features in the line profiles are smoothed with the growing filter width, and the resulting profiles tends to its average shape.
In figures 6 and 7 we show the calculated energy spectra for both the models. The model with the steep power spectrum has resulted in an underestimated value of α as in the case of the Gaussian field of velocity pulsations.
In general, we can argue that the proposed model and method allow us to estimate the slope of the spectrum of turbulence using statistical properties of line profile moments.
DISCUSSION
Above, we presented a method to estimate the slope of the energy spectrum of turbulence in a uniform layer using optically thin emission line profiles observed at different angular resolutions. In fact, the model of a plane-parallel layer is rather simplistic representation for any astrophysical objects of our interest. For instance, protoplanetary disks are expected to have strong gradients of density and temperature, both in vertical and radial directions, see e.g. Armitage (2015) . For the inclined protoplanetary disks, there is also a strong line-of-sight regular velocity gradient due to the Keplerian rotation. We expect that parameters of line profiles will strongly depend on angular resolution due to these systematic effects. So the technique of extracting the turbulent spectrum presented above cannot be implemented in its original form since the influence of the systematic physical gradients can be much higher than statistical effects of turbulent fluctuations. However, there is a way to modify the method taking into account the complex structure of the object.
Suppose, that we have a 'good' theoretical model of the object that can well prescribe its regular physical structure, i.e. the distribution of density, temperature, regular velocity, concentration of emitting molecules, etc. The parameters of such model can be found via fitting the observed spectra by model spectra. It is important, that the model spectra are calculated taking all the physical effects into account except turbulent fluctuations. Given this model, we can calculate the map of residual spectra i.e. the difference between observed and theoretical spectra. The basic statement of the modified method is that the differences between the observed and model line profiles are supposed to be produced mainly by turbulent fluctuations which are not included in the model. We expect that these differences will depend on the angular resolution of the observed map in the similar way as for the case of uniform layer.
In practice, for the observed map with given angular resolution, we should calculate the variance UL of the observed line center velocities in respect to the line center positions of the model lines. Note, the line center positions of the model lines will be different over the map since the presence of regular velocity gradients. This procedure should be done for a number of observed maps with different angular resolutions L. The dependence of UL on L will provide us with the information of turbulent spectrum. Since we suggest to calculate variance UL using all the spectra from the whole map, the implicit assumption of this approach is that the turbulent energy spectrum is the same over the whole object. Of course, this assumption can be over-simplified but we hope that it would give us, at least, the information about the average turbulent spectrum in the object.
The key requirement of the method is to have a set of observed maps with different angular resolutions. These set can be provided not only by different individual observations. In fact, the set of maps can be naturally produced as a result of a single interferometric observation. Indeed, during the reconstruction of the observed spectra map from the observed visibilities we can apply different masks in uv-space and select certain visibilities to be used. The different sets of visibilities will correspond to different angular resolutions of the reconstructed spectra maps.
Another important condition to the developed method is the use of optically thin lines for which the intensity is linearly proportional to the surface density of the layer. In principle, one may try to include the effects of self-absorption and to generalize the method for optically thick lines as well. However, the radiative transfer effects are difficult to tackle and this will make the problem significantly more complex. To our excuse, it is likely possible to select optically thin lines among a number of emission lines available for particular object. For example, if the source is studied in CO lines, its molecular isotopologues C 18 O or 13 CO can be adopted if the emission lines of main isotopologue CO turn out to be optically thick.
The problem to extract turbulent spectrum becomes even more complicated if one takes into account the compressibility of the medium, which is absolutely necessary when considering super-sonic turbulence. In this case the fluctuations of the column density contribute both to the fluctuations of the total line intensity and to the intensity spectral distribution. We plan to address this problem in our future studies.
Among all the astrophysical objects, the protoplanetary disks are likely the most attractive sources to be studied with the described method. There are two general arguments to support this statement. The first argument is that the interferometric observations of protoplanetary disks have become very productive over the last years. For instance, ALMA's longest baseline is D = 16 km, which results in the angular resolution of 0.1 ′′ 1 . If one observes a gas-dust disk from the distance of 140 pc, this angular resolution corresponds to the spatial resolution ∼ 10 AU. Taking into account the fact that the specific sizes of these disks are up to several hundred AUs, one can see that this spatial resolution is sufficient to study the spatial disk's structure in detail. The maximum spectral resolution of ALMA in terms of velocity is 10 m/s, which is significantly less than the specific values of the thermal (∼ 200 m/s), turbulent (∼ 100 m/s) and Keplerian (∼ 1 km/s) velocities. This enables studying details of the kinematic structure of gas-dust disks including turbulence. The high efficiency of ALMA has already bean used to study turbulence in protoplanetary disks. For example, most recent observations of a particular HD 163296 protoplanetary disk and following analysis by Flaherty et al. (2015) allowed them to estimate the upper limits of the tur- bulent motions to be about 3 per cent in respect to thermal line width.
The second argument is based on the fact that validity of the method crucially depends on the assumption that theoretical model successfully reproduce regular (nonstochastic) features of the object and its observed spectra maps. Between the objects where turbulence is important, the protoplanetary disks seem to be most reliably theoretically described. The present models of protoplanetary disks include many physical effects and are able to explain the regular distributions of density, temperature and velocity inside the disks (Armitage 2015) . With the help of such models it is possible to reconstruct the parameters of the observed disks from the interferometric observations, see e.g. review of Dutrey et al. (2014) . Moreover, the parameter fitting of the disk structure based on interferometric observations have become standard procedure. To our notion, the presented model of deriving the turbulent spectrum can be included as a part of this procedure. However, such implementation of the method as well its application to real disks should be the subject for separate paper. The goal of the current paper was to check if the method could work in principle even for the case of uniform layer. Now, let us give some notes about energy spectrum of turbulence regardless the method. In the model of the Kolmogorov turbulence the properties of turbulent motion are determined by a single specific parameter ǫ, which is a specific flux of the energy transmitted from large-scale pulsations to small-scale pulsations (Landau & Lifshitz 1959 ). If we assume this quantity to be constant over the turbulent cascade, then we should not have energy loss within the inertial interval. The energy of pulsations is transmitted from large scales to small scales without loss. The dissipation of energy takes place only on the smallest scale, which is determined by molecular viscosity. Thus, from dimension considerations one can obtain all the main relations for the Kolmogorov turbulence. We should remind the reader that in the frame of this model (Landau & Lifshitz 1959 ) the exponent of the spectrum of turbulence is α = 5/3 within the inertial interval, and is α = 3 within the dissipative interval. However, the model of turbulence may be self-similar if one accepts a more general relation
In this case the energy flux ǫ is not constant over the entire turbulent cascade. The exponent β characterizes energy loss within the inertial interval during the transition from large to small scales. This energy loss may be caused by, for instance, radiation. β = 0 corresponds to the Kolmogorov turbulence. If β > 0 the energy flux decreases from large to small scales, and, oppositely, at β < 0 it increases from large to small scales. Within this approach from dimension considerations we can easily derive the following relation:
Thus, the case with α = 3 corresponds to β = 2. This means that the energy dissipation due to radiation should take place mostly on large scales and should decrease toward smaller scales.
CONCLUSIONS
In this work we propose a method allowing us to restore the parameters of sub-sonic turbulence in astrophysical disks from the profiles of optically thin emission lines observed at different angular resolutions. The method allows finding the slope of the energy spectrum of turbulence and, in some cases, it allows us to estimate the largest spatial scale of turbulence and the height of the turbulent layer. Within this method we analyze the fluctuations of intensity in the line profile. The fluctuations are caused by turbulent velocity pulsations in the medium. We show that the finite angular resolution of a telescope influences the statistical properties of the fluctuations in the observed line profile. The effect of the finite resolution is in the fact that the turbulent velocity pulsations on the scales that are below the angular resolution of the telescope are filtered out and do not contribute to the intensity fluctuations.
The efficiency of the method has been demonstrated on numerical models of the turbulent medium. We have calculated two fundamentally different models. In the first model we represented the turbulent medium by a Gaussian random velocity field. The second model was a set of rigidly rotating vortices of various sizes. For both the models the method gives the exponents of the energy spectrum that are in a good agreement with the theoretical value.
The feature of the proposed method is in the fact that in order to use it one needs to have only one sample of 3-D spectroscopic observations, obtained with high angular resolution. Then, by performing spatial filtering in various spectral ranges one can obtain filtered profiles, from which it is possible to recover the parameters of the turbulent medium. The algorithm and applicability conditions of this method may be taken into account as recommendations when planning radio-interferometric observations.
We tested the proposed method of the recovering the turbulent power spectrum only for the idealized models. Its application to real protoplanetary disks requires high-quality observational data which became available with with the start of ALMA observatory. In the following papers we plan to adapt and implement this method to real protoplanetary disks. Shakura N. I., Sunyaev R. A., 1973 , A&A, 24, 337 Shakura N. I., Sunyaev R. A., Zilitinkevich S. S., 1978 , A&A, 62, 179 Spruit H. C., 1987 , A&A, 184, 173 Syer D., Narayan R., 1993 Vishniac E. T., Diamond P., 1989, ApJ, 347, 435 Vorobyov E. I., Pavlyuchenkov Y. N., Trinkl P., 2014, Astronomy Reports, 58, 522
APPENDIX A: FORMATION OF LINE PROFILE
The equation of radiation transfer at a frequency ν is:
where z is the coordinate along the line of sight; jν is the emissivity at the frequency ν.
The particle velocity obeys the Maxwellian distribution with the mean radial velocity u and the variance along a single direction σ 2 th :
The source in the equation of radiation transfer is defined as a convolution of an elementary profile of particle emission and the Maxwellian distribution of for the velocity:
where n is the number density of emitting particles; δD [. . . ] is the Dirac delta function; ∆ th = σ th ν0/c is the thermal line width; c is the speed of light. The number density and radial velocity depend on the spatial coordinates and time, i.e. different volumes in the medium may have different values of the bulk velocity and number density. We assume that the temperature is constant over the entire volume. The total intensity along a line of sight, given by the radius-vector R = (x, y) in the image plane is
where r = (x, y, z). Hereafter, for the sake of convenience we express the intensity as a function of the radial velocity, given that the frequency and radial velocity are connected via the Doppler shift:
The same expression for a line profile, associated with a line of sight R, is
In the expression above the line profile is a weighted sum of Gaussian profiles. The center and the thermal width of each profile may vary in the volume of the medium, and the number density acting as the weight. Total intensity integrated over all frequencies is:
where
is the column number density. The center frequency of a line may differ from the laboratory rest of line ν0, since the mean velocity in the medium along the line of sight may differ from zero:
The line width may be found as the second moment of the intensity distribution:
By using equations (A7) and (A10) we can easily show that
APPENDIX B: STATISTICS OF FLUCTUATIONS
The intensity at a given frequency is a random variable for each line of sight. It depends both on the fluctuations of the radial velocity of particles and the fluctuations of density. If the spectrum of turbulence is of Kolmogorov type, the density fluctuations play insignificant role in the formation of an emission line Lazarian & Pogosyan (2006) , and one can neglect them. This is also supported by the fact that, strictly speaking, the Kolmogorov theory is correct only for incompressible medium. Below we allow the number density to change along the line of sight only, i.e. n = n(z). We denote the averaging procedure over the ensemble of realizations of a random velocity field as · . Without loss of generality we assume that the ensemble average of the radial velocity is equal to zero everywhere u(r) ≡ 0. We also assume that the field of velocity pulsations is statistically uniform and isotropic. Then we can argue that all the odd moments of velocity are equal to zero [u(r)] 2n+1 ≡ 0 where n is a positive integer. The second moment is the variance of turbulent velocity:
Let us introduce a filtered line profile as
where the column number density N is constant, due to the assumption n = n(z); L is the spatial filtering scale. In this expression we simultaneously filter and integrate along the line of sight by convolution the integrand with a kernel G(r):
The convolution kernel must satisfy a normalization d 3 r GL(r) = 1.
The central velocity of the filtered profile can be found in the same way as in (A10):
Its ensemble mean is equal to zero, and the variance is given by the spatial pair correlation function of radial velocity:
In the Fourier 3 space this expression is
Let us assume that the amplitude of the Fourier harmonics are not mutually correlated and are isotropically distributed. In this case the spatial correlation function is determined by the power spectrum,
and (B6) can be rewritten as
Before we start calculating this value let us consider the power spectrum of the turbulent velocity field. Within our approach we can pick out three specific spatial scales: the characteristic disk height h which is determined by the distribution n(z), e.g. via it's second momentum; the largest turbulent scale h turb ; and the scale at which turbulence dissipates λ, here h h turb ≫ λ. Let us assume the following properties of the turbulence:
• in the inertial interval (h −1 turb ≪ k ≪ λ −1 ) the spectrum decreases according to the power law,
where A, α > 0;
• on scales larger than the maximal turbulent scale and smaller than the disk height the spectrum decreases with increasing k −1 ; • on scales larger than the disk height the power spectrum quickly approaches zero The specific energy of turbulent pulsations on a certain scale k −1 can be estimated as k 3 P (k) ∝ k 1−α . Thus, for α > 1 the most energetic pulsations are those on larger scales. Hereafter we assume that this is correct in our case.
The power spectrum is normalized by the velocity variance as follows
Let us separate the integration over the inertial interval assuming λ = 0, since this limit does not contribute much to the normalization: 
3 We define the one-dimensional Fourier transform as:f (k) = (2π) −1 dx e ikx f (x), f (x) = dk e −ikxf (k).
where C is a positive constant determined by integrating over the long-wavelength part of the spectrum. According to our previous considerations we can argue that the second term in the right-hand side of (B12) is the main contributor into the turbulent velocity variance, while C is close to zero. We can write the convolution kernel G(r) in the Fourier space as
where k ⊥ and k are the wave numbers in the image plane and along the line of sight, respectively. For the filtering we can use either a Gaussian function with the specific width L as,
whose Fourier image is
or a step-function of width L:
whose Fourier image is given by the Bessel function
In both the cases the filtering in the image plane is, in a sense, cuts of the power spectrum at the wave number ∼ L −1 , i.e.
(2π)
Similarly, the integration over the k can be thought as an equivalent to the power spectrum cut-off at the wave number ∼ h −1 :
In fact this assumption means that the characteristic width of the disk must be a well defined quantity, i.e. the disk matter must be well localized in z-direction. We are particularly interested in cases when the filter scale L is less than the largest turbulent scale h turb . Then, taking account of (B12), (B18) and (B19), we can rewrite (B8) as UL = Cσ 
As one can see, if we increase the filter width (i.e. directivity pattern), the intensity fluctuations in the line profile decrease. If the filter scale exceeds the largest turbulent scale the level of fluctuations takes its minimum value
